PROOF. The condition is necessary. For suppose that S is a bounded subset of the real line with diameter /, and that there exists a metric d f {xy) for S such that (1) for some two points a and b, d f (ab) <d(ab), d(xy) denoting the Euclidean metric for S; (2) for each two points x and y y d '(xy) £*d(xy) ; and (3) there exist sequences {x n }, {y n }, of points such that d'(x n y n ) approaches / as n increases. From (2), lim d(x n y n ) is also t. There is no loss of generality in assuming that
By taking the limit of both sides of this last inequality, we get an immediate contradiction of (1). The condition is sufficient. There exist sequences {xJi }, {y£ }, of points of 5 such that lim d(xnyn)-t. Let {# n } be any subsequence of {xn }. For each two points x and y let
By the triangular inequality, for each n both
Now, let {y n } be the subsequence of {yt } corresponding to {x n }.
By (5), h(xy) ^t; on the other hand, m being fixed, and w varying,
so that (7) sup h(xy) = /. Finally, from (5) we have that (8) a necessary condition that a sequence \a n ) converge to a point a is that h(a n a) approach zero. It is not in general true that h(xy) vanishes only if x=*y, so that in general h is not a metric. I shall, however, show that under our hypotheses it is.
Let d'(xy) = (1/2) [d(xy)+h(xy)].
Using the properties (4)- (8) This last statement implies that for each two points x and y
For if this limit does not exist it is possible to find two subsequences {xin}, {x2n}$ of {#«' } such that for each n
and such that the upper limit of the left-hand side of (10) is less than the lower limit of the right-hand side. This implies that h(xy) as defined by one of these sequences is less than h(xy) as defined by the other. By considering the subsequences {xJi ; n>j} forj = l, 2, 3, • • •, it is easily seen that (9) holds. Now let a, è, c be any three points of 5. By changing the lettering and taking a subsequence {x n } of {x n ' }, we can assume that, for each n, 
Adding the two members of (11) gives
and letting n increase in (12), we have by (9),
Hence of any three points, one is between the other two, in the metric sense. By a well known result of Menger, 3 if S has more than four points it is congruent with a subset, S', of the line. If S consists of exactly four points and is not a subset of the line, it is easy to reduce the distance between two of the points while leaving the diameter unchanged.
All that need be shown now is that S' is bounded. Suppose that it is not. We may assume that the origin belongs to 5'. Then the transformation sending the point of 5' with abscissa x into the point with abscissa x/2 reduces each distance while leaving the diameter infinite, which contradicts our condition, and completes our proof.
Various special sets can be characterized by adding additional hypotheses to the condition. For example, an interval can be characterized as, say, a connected space in which the diameter is actually assumed by the distance between some two points, and which satisfies the condition of the theorem.
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